Abstract: Dirac equation for a charged particle in static electromagnetic field is written for special cases of spherically symmetric potentials. Besides the well known Dirac-Coulomb and Dirac-Oscillator potentials, we obtain a relativistic version of the S-wave Mörse potential. This is accomplished by adding a simple exponential potential term to the Dirac operator, which in the nonrelativistic limit reproduces the usual Mörse potential. The relativistic bound states spectrum and spinor wavefunctions are obtained. PACS number(s): 03.65.Pm, 03.65.Ge
The solution of Dirac-Coulomb problem including its relativistic bound state spectrum and wavefunction was established long time ago [1] [2] [3] . In 1989, the relativistic Dirac-Oscillator potential was introduced [4] [5] [6] [7] [8] by adding an off-diagonal linear radial term to the Dirac operator. The relativistic bound states spectrum and its eigenstates were also obtained explicitly. Taking the nonrelativistic limit reproduces the usual Schrödinger-Coulomb and Schrödinger-Oscillator solutions, respectively.
It is well established that in nonrelativistic quantum mechanics there exist exactly soluble classes of potentials (shape invariant potentials) [9] that belong to a given dynamical symmetry group. One of these classes includes the Coulomb, Oscillator, and Mörse potentials. These potentials belong to the symmetry group SO(2,1) [2] and can be transformed into one another by point canonical transformations [10] . Thus, from the point of view of group isomorphism and analyticity of parametric Lie algebras, it is tempting to look for the relativistic extension of Mörse potential. In other words, the fact that the relativistic versions of the first two problems were solved explicitly makes the solution of the third, in principle, feasible. In this letter, we succeed in finding the "Dirac-Mörse" potential and obtaining its relativistic bound states spectrum and spinor wavefunctions. This is accomplished by following the same strategy as that in the Dirac-Oscillator problem, namely by adding a radial term to the odd part of the Dirac operator, which in this case turns out to be a simple exponential. Moreover, taking the nonrelativistic limit will recover the standard Schrödinger-Mörse problem.
The general physical setting for this problem is a charged particle in static and spherically symmetric four-component electromagnetic potential. After setting up the problem, we apply a unitary transformation to Dirac equation such that the resulting second order differential equation becomes Schrödinger-like so that comparison with well-known nonrelativistic problems is transparent. Thus, simple correspondence among parameters of the two problems gives the sought after bound states spectrum and wavefunction. 
where Į is the fine structure constant and V & are the three 2u2 Pauli spin matrices. In quantum electrodynamics (the theory of interaction of charged particles with the electromagnetic field), local gauge invariance implies that the theory is invariant under the transformation
& is a real space-time function. That is adding a 4-dimensional gradient of the gauge field ( , ) W U / & to the electromagnetic potential will not alter the physical content of the theory. In the lab or target frame, gauge invariance implies that the general form of the electromagnetic potential for static charge distribution with spherical symmetry is 0,
where Û is the radial unit vector. Obviously, :(U) is a gauge field that does not contribute to the magnetic field. However, fixing this gauge degree of freedom by taking : = 0 would not have been the best choice. An alternative and proper "gauge fixing condition", which is much more fruitful, will be imposed as a constraint in equation (2) below. Therefore, Dirac equation reduces to the following two-component radial differential equation
where the spin-orbit coupling parameter N is defined as N = r (M + ½) for O = M r ½ and İ is the relativistic energy. This equation gives two coupled first order differential equations for the two radial spinor components. By eliminating the lower component we obtain a second order differential equation for the upper. The resulting equation may turn out not to be Schrödinger-like, i.e. it may contain first order derivatives. We apply a general local unitary transformation that eliminates the first order derivative as follows:
This transformation and the resulting constraint are the relativistic analog of point canonical transformation in nonrelativistic quantum mechanics. Moreover, this constraint can also be thought of as the gauge fixing condition for the electromagnetic potential. In this letter, we consider the case of global unitary transformation defined by ( )
Substituting this in the constraint equation (2) 
We obtain the following correspondence between nonrelativistic and relativistic parameters:
The well-known nonrelativistic bound states spectrum of equation (6) is
The substitution (7) gives the following relativistic spectrum [9] is mapped, using (7), into the following upper spinor component wavefunction
Q is the generalized Laguerre polynomial [11] , D Q is the normalization constant, and 2( ) (4) gives the lower spinor component in terms of the upper as
¹ Using the differential and recursion properties of the Laguerre polynomials [11] , we can write it explicitly as
It is instructive, at this point, to apply the above technique and reproduce the solutions for the other two problems in this class of relativistic potentials using the same notation. The potential functions 9(U) and :(U), physical parameters and bound states spectrum obtained for all three problems are listed in the table.
(
where ] is the oscillator strength parameter and N is the spin-orbit coupling parameter defined as N = r (M + ½) for O = M r ½. The two components of the radial spinor wavefunction are:
Finally, we like to make three comments which are relevant for fruitful extension of the present work. The first, is that supersymmetric quantum mechanics should be a suitable setting for extending this work to investigate other classes of relativistic potentials; for example, "Dirac-Pöschl-Teller" and "Dirac-Rosen-Mörse", etc. Secondly, an interesting problem is to account for all relativistic potentials that belong to a given class and find the corresponding symmetry group and/or its relativistic extension. Thirdly, relativistic scattering can also be set up where a general spin-dependent perturbing short-range potential is superimposed on the reference Dirac Hamiltonian, + 0 , which includes one of these relativistic potentials. Such program has already been developed for the DiracCoulomb problem using the relativistic J-matrix method of scattering [12] . The same can, in principle, be applied to Dirac-Mörse potential scattering. In this formalism a proper / 2 spinor basis is chosen such that the matrix representation of the reference Hamiltonian is tridiagonal rendering the + 0 -problem analytically soluble. The solutions of the resulting three-term recursion relation give the J-matrix kinematical coefficients necessary for scattering calculation. The potential functions 9(U) and :(U), physical parameters, and bound states spectrum obtained using the technique developed in this letter for all three problems. In the table: 
